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We analyze the 77 tttv, KK, rjri, nrj reactions through ^/s — 2 GeV, using the master formula 
approach to QCD with three flavors. In this approach, the constraints of broken chiral symmetry, 
unitarity and crossing symmetry are manifest in all channels. The pertinent vacuum correlators 
are analyzed at tree level using straightforward resonance saturation methods. A one-loop chiral 
power counting analysis at treshold is also carried out and compared to standard chiral perturbation 
theory. Our results are in overall agreement with the existing data in all channels. We predict the 
strange meson polarizabilities and a very small cross section for 77 7777. 
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0\ • I. INTRODUCTION 

a^ ; 

There is a wealth of empirical information regarding photon fusion reactions to two mesons both at threshold and 
C , above ||l|"[l0|. At low energy these reactions provide stringent constrainsts on our understanding of broken chiral 
I ^ ' symmetry and the way mesons and photons interact. At higher energy they reveal a variety of resonance structure 
that reflects on the importance of final state correlations and unitarity in strong interaction physics. 
• Some of these reactions have been analyzed using chiral perturbation theory []lT| , dispersion relations ||l| and also 
I effective models One-loop chiral perturbation theory does well in the charged channels, but yields results 
I I that are at odd with the data in the chargeless sector, suggesting that important correlations are at work in the 
J> ' final states. Some of these shortcomings have been removed by a recent two-loop calculations |l5j and the help of 
, few parameters that are fixed by resonance saturation. The results are overall in agreement with an early dispersion 
'si" ' analysis for 77 — > tt^tt^ Effective models using aspects of chiral symmetry and s-channel unitarisation have 

I revealed the importance of final state interactions in most of these reactions . 

Recently, a global and unified understanding of broken chiral symmetry was reached in the form of a master formula 
for the extended S-matrix . A number of reaction processes involving two light quarks were worked out and shown 
to be interdependent beyond threshold. The approach embodies the essentials of broken chiral symmetry, unitarity 
and crossing symmetry to all orders in the external momenta. By power counting it agrees with standard chiral 
perturbation theory in the threshold region. It is flexible enough to be used in conjunction with dispersion analysis or 
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resonance saturation techniques to allow for a simple understanding of resonance effects and final state interactions 
Qh! beyond threshold. 

^ • In this paper, we would like to give a global understanding of most of the fusion reaction processes using the master 
formula approach to broken chiral symmetry including the effects of strangeness. The present work confirms and 
extends the original analysis in the two flavour case In section ||, we introduce our conventions for the fusion 



X 



reaction processes, and discuss the essentials of the T-matrix amplitudes. In section [II, we give the main result for the 



fusion reaction processes as expected from the master formula approach to QCD with three flavors. The importance 



d of s-channel scalar correlations is immediately unravelled. In section IV, we analyze the general result in chiral power 
counting and compare to one-loop chiral perturbation theory with strangeness. In section we analyze the master 



formula result beyond threshold by using resonance saturation methods. In section VI, we discuss briefly the meson 



polarizabilities in our case. In section VII, a detailed numerical analysis of our results is made and compared to 



presently available data. We predict a small cross section for 77 rjr]. Our conclusions are in section VIII. Some 
calculational details are given in three Appendices. 

II. GENERALITIES 
A. Conventions 

We will consider generically the reactions j'^{qi)^'^{q2) — > 7r°(A:i)7r''(fc2) with a,b — 1 ^ 8 and c, d = 3,8 for the 
light mesonic octet. The photon polarizations are chosen in the gauge e^{qi)q^ = with i,j ~ 1,2. Throughout, the 
Mandelstam variables are given by 

s = {qi + q2f = 2^1 • q2 

t={qi-kif = kl-2qi-ki 
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u= {qi - = ^2 ~ 2gi • fc2 • 



(1) 



and both the photons and the mesons are on-sheU, qf = and kf = m^. Our convention for the electromagnetic 
current is standard 



•ir = .-7.QA3 + ^A«),^V3 + -Lv«, 
so that the photon isospin indices are only 3 and 8. This will be assumed throughout. 



(2) 



B. Helicity Amplitudes 

The T-matrix for the fusion process 7(?i)7(q2) 7r°(fci)7r^(fc2), will be defined as 

out(^"(fcl)^''(fc2)|7(9l)7('Z2)>in = l{2TT)^S\Pf - P,)T-'' 

with 

The photons are transverse, that is e,; • qj — 0, hence 
with the invariant tensors 

and v — {t ^ u). As a result, the T-matrix reads 

T — {A{s, t, u) s/2 — i'^B{s, t, u)) ei • £2 — e'^8sB{s, t, u)ei • fcie2 • ^2 
= -2e2ei . £2(1 - A-) - e2(ei • ki){e2 ■ fc2)8s(Bo + J^) 

with 1 and Bq defined as 

1 for 7r±,ii'± _ 
foTn°,K°,K°,r] 

1/1 1 

Bo = 1: 



2s \ t — rn^ u — rrii 

The corresponding helicity amplitudes are [ p^ 

jjab ^ ^jmlml - tu) ^^f, 



(3) 
(4) 
(5) 

(6) 



(7) 



(8) 
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C. Polarizabilities 



The differential cross section for unpolarized photons to two mesons in the center-of-mass system is 

= fat^P'^'is) (\b+ '^sa:\s)f + \b' + ^sal\s) 



(10) 



with the degeneracy factor 



2 



^ , 1/2 for n°n°, r^r^ 

I 1 for other processes ' ^ ^ 



The expressions for B, B' and the polarizabihties are 

B = l[-l 2^"^' 



m 



(t-m2)(w-m2) 
B' = 1 + 4(m^ - tw)3; 

s{Am'^ — s) + 4(m^ — iu) . 



The center of mass velocity for outgoing particles (3 {s) will be defined as 



III. MASTER FORMULAE RESULT 

The master formula approach to two flavours developed by two of us ||l^ can be readily extended to three 
flavours p9| . In short, the extended S-matrix with strangeness included obeys a new and linear master equation, 
that is emmenable to on-shell chiral reduction formulas. The fusion reaction processes can be assessed as discussed 
in [|l^,0 for two flavours. The three flavour result is 

[ rbci rida i rbdi rica\ 

1 = «ei • <^2-^[j J + J J ) 



rp f J'bci £ida rbdi J'ii 

-iUi-k2€2-k^^{^-^^ + ^-^\ (14) 
iib I u — TTij t — mf ' 



M 1^ ^ Xab -^^g 



-''I'^d""^^^^ J d^z J d*ye-^'^^-y-^''-^-{T*Vi{z)Vl{y)a\0)) , (15) 

where Ti summarizes the Born contributions to the charged mesons, and 72 the rest after two chiral reductions of the 
external meson states. (|l^) constitutes our basic identity. It shows that the fusion reaction is related to the vacuum 
correlators VVjj and VVa modulo Born terms. Quantum numbers and G-parity imply that the scalars dominate the 
final state interactions in the s-channel. This point will become clearer in the resonance saturation analysis. What is 
remarkable in (|l5|) is that the final state scalar correlations are driven by the symmetry breaking effects in QCD. 
In ( [l5| ) the isovector current V and the one-pion reduced iso-axial current ja are given by 

X'^ A" f M \ 

- qi^^^q , jl^ = 97^ yTsg + (^^j 9^(9*75 A"?) . (16) 

The mesons weak-decay constants and masses are 

Ei^s = (/tt, /tt, /tt, Ik, /if, Ik, Ik, f-q) 

mir^s = {mT,,m^,m-^,rnK,mK,rnK,mK,rn^) (17) 

with — 93 MeV, = 115 MeV and = 123 MeV. The current mass matrix is chosen as 

f ^ ^ ^ rh -\- rrig rh + rrig rh + m + nig rh + 2tos \ 
Mi^s= [m,m,m, , , , , (18) 
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with TO = 9 MeV and m^. = 175 MeV for some running scale. Since the M's appear in RGE invariant combinations, 
the effects of the running scale is small in the range of energies probed by the fusion reaction processes we will be 
considering. The scalar densities are 

-' = -#\?^'^9- (19) 

with two (arbitrary) constants. For two flavours, C — and 2Kl'i — > f^m^/rh. 

The contact term in T2 vanishes in the two-flavour case. It does not in the tree-flavour case and is to be reabsorbed 
in the pertinent counterterm generated by the three and four point functions in (|l^). The Born terms involve only 
charged mesons. Their explicit form is 



1 



\t~ mi 

,2, _ --2, 



T-r-i^K+K- ~ ~i2e"'ei ■ £2 — i4e^ei • kie2 ■ fc2 ( 7 — + - — ] ■ (20) 



These tree results are consistent with all chiral models with minimal coupling. To go beyond, we need to assess the 



effects of the three- and four-point functions in (15). We will do this in two ways : at threshold by using power 



counting, and beyond threshold by using resonance saturation methods. 



IV. ONE LOOP RESULT 



The identity (^^ is a consequence of broken chiral symmetry in QCD, and any chiral approach that is consistent 
with QCD ought to satisfy it. In this section we show how this identity can be analysed near treshold using power 
counting in 1/E. A simple comparison with the nonlinear sigma model shows that this is analogous to the loop 
expansion ii cf) = V, j^, a are counted of order 0(1). Also /|- — and — are 0(1) rather than 0{E) because 
of G-parity. 

Some details regarding the one- loop analysis are given in Appendix B. The results for the various transition ampli- 
tudes are 



— >TT^TT^ 



T 

77 — 



77 — ^7r^77 



-i2e^fci • k2 
-i2e^ki ■ k2 
-i2e^ki ■ k2 



1 

72 

1 

72 

J TT 

1 



1 ~ 



2 '"-TT 



2 '"if 



2rh 



rK 



P 



/2 TO -f TOs 



21^ + lp< 



i2^'^i- 



le 



2 '"if 



2rn 



/2 TO + TOs 



2'm%m + ms^^ 



2 '"-K -^K 



Pk 2to 



1 /U, 



%^-,KOKO = -i2e'ki . fc I- + l'^ - le 



fK 



^2 Pk 
.3 2 w 



2 



Pk 2to 



.2 2"^^to4-2tos~^ .5 2 2(to -I- 2tos) ~ 



P 



3m 



P 3(to-|-TOs) 



K 



1 



Pp 



(21) 



with ki ■ k2 = \{s — m\ — m\). The one-loop finite contributions are 



-H(yS - 4to- )ei • £2 



-H{'imj - s)ti ■ £2 



1 



167r2 
1 

167r2 



TOj 
S 

4to? 



In 



^ — s — Amf 



^ + \J s — Amf 




■ arctan 



4TOf 



(22) 
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where H{x) is the Heaviside function. Following we used the LHZ subtraction procedure. The ensuing coun- 
terterms (one) are fixed by electric charge conservation. The results are independent of the the parameters C and 
K introduced in (|T9|). They are also in agreement with one-loop chiral perturbation theory (ChPT) modulo 
counterterms. In ChPT all possible countcrterms commensurate with symmetry and power counting are retained, in 
our case only those that show up in the loop expansion (minimal). Which of which is relevant is only determined by 
comparison with (threshold) experiments. Below, we will show that both procedures yield almost identical results. 



V. RESONANCE SATURATION RESULT 



To be able to address the fusion reaction processes beyond threshold we need to take into account the final state 
interactions in (|l|). One way to do this is to use dispersion analysis for the three- and four-point functions with 
minimal weight-insertions. This is equivalent to a tree-level resonance saturation of the three- and four-point functions 
as shown in Fig. |l] with all possible crossings. Note that contact interactions are covered by the present description 
in the limit where the masses of the a, V and A are taken to be very large. 






(a) 



(b) 



(c) 



FIG. 1. Diagram for (VVcr) (a) and (VVjAjA) (b,c) 



From quantum numbers and parity, the vector current V° will be saturated by the light vector mesons {v'^ = p,uj, 
and the one-pion reduced axial- vector current jaJJ by the light axial- vector mesons (aj^ — Ai, Ki) [Q. Typically, 



(23) 



Since the photon carries indices c, c? = 3, < 



(24) 



only the chargeless vector mesons contribute to the fusion process. The occurence of the structure constant f"''"^ in 
the reduction of the fusion reaction forces the axial-vector mesons to carry indices 3, 8 as well. Hence, only a^-^ = A\ 



and 



K\ will be needed in our case. 



Similarly for Wj^ij/i with 

Finally, the scalar field a can be saturated by scalar mesons giving VVcr as 

(v^v^a) = 6^::/, j„ 



(25) 



(26) 



All the mesons will have masses and widths fixed at their PDG (Particle Data Group) values. 

With the above in mind the various contributions from Fig. || can be readily constructed. In Appendix C we show 
how they could also be retrieved using a linear sigma-model. The contribution to VVcr is 



Xab xcd jrhO 



abh jcdh\ 



(27) 
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The insertions of powers of 1 /E and the scale A (= 1 GeV) are to make the arbitrary parameters Ch (two) dimensionless. 
They wiU be fixed by threshold constraints. The scalar contribution to VVj^j^ is 

xk,.kJl-^- 14 + ^4-] 4^4^. (28) 

The dimensionless parameters gh (two) are again arbitrary. The intermediate vector contribution from Fig. [l]-(b) 
vanishes because of the antysymmetry of the structure constant f"^'"^. Finally, the contribution from Fig. 0-(c) is 



caf rdbf 






9 9 / I 9 

— / \ 


9 

— m" 




9 2 

mi, mi 












V J 





+ {t,a,ki <^ u,b,k2) (29) 



with one additional dimensionless parameter g^. 

In the vector and axial channels all the resonances quoted above are introduced with their masses and decay witdths 
in the form of Breit-Wigner resonances fixed at their PDG values. In the scalar channels we will use three resonances 
for (T° : /o(500), /o(980) and /2(1270). As our chief goal is to test the master formula result with resonance saturation, 
we will keep our description simple by substituting 



1 . // 



^""^^0 s-mj+iG{s,mf)mf 
with //o(500) = //2(i270) = 1 and //^(gso) = 0.05, and the decay widths 



(30) 



Gis,m,).His-,ml)Go^^-^^ , (31) 

with n = 1/2 and 3/2 for scalar and vector mesons, respectively. A more detailed parametrization of the partial 
widths and so on will not be attempted here, again for simplicity. We have found that the contribution of /o(980) 
is suppressed (hence the order of magnitude change in the weight) in agreement with previous investigations [ p^ . 
In the numerical analysis to follow, we have checked that our results are not greatly sensitive to the resonance 
parametrizations provided that PDG masses and widths are enforced. 
In the isotriplet-scalar channel we have : ao(980) and 02(1320), giving 

' (32) 



The same functional form for G is used, but with a different cut-off corresponding to the lowest mass yields in the 
various decay channels. The relative sign in ( p2| ) reflects the attractive character of 02(1320) in comparison to ao(980) 
in the isotriplet channel. We will not consider the effects of as it involves higher octet-scalar resonances. 

VI. POLARIZABILITIES 

Before discussing in details how our analysis of the fusion reactions compare in details to the present data, we will 
first address the issue of the meson polarizabilities as inferred from our one-loop analysis. For the charged pions [pr] , 

= (6.8 ± 1.4 ± 1.2) X 10""* fm^ 



± 

E 

-4 



= (20 ± 12) X 10"'* fm^ 



(2.2± 1.6) X 10"^ fm% (33) 
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and for the neutral pions 



.0, , , , , 4 3 



\al I = (0.69 ± 0.07 ± 0.04) x 10"^ fm'' 
\al° I = (0.8 ± 2.0) X lO"'^ W . (34) 

The data are not accurate enough. This notwithstanding, our one-loop result for the charged pions is 

w 4.2 X 10"'' W , (35) 

this is twice the value obtained using standard chiral perturbation theory . The difference stems for the additional 
(finite) counterterms in ChPT, which are purposely absent (minimal) in our analysis. This point was discussed in 
great details in [071. For the neutral pions we have 



6.3 X 10"" fm^ . (36) 



For the rest of the octet, we have 



af « -2.7 X lO-^W 
af «+2.8x lO-^W 

w -4.4 X lO-^W. (37) 

In the resonance saturation approach, the polarizabilities follow essentially from the VVj^j^i contributions in ([2S|). 
These contributions are constrained at high energy to be small, resulting into naturally small polarizabilities. A global 
fit yields pion polarizabilities that are similar for charged and chargeless fusion reactions. 

VII. NUMERICAL RESULTS 

Most of the calculations to be discussed in this section are carried with the PDG parameters for the quoted 
resonances. The dimensionless couplings involved in the resonance saturation approach are chosen so as to give a 
global fit that is consistent with the threshold constraints (mainly one-loop). Specifically, we will use 

Co = -98208 
C3 = 5co 
gi = 0.9744 
c,2 = -13.64 

93 = -1.5 , (38) 

with cs — since we are ignoring the effects from . Some of the results for the total cross sections to be quoted will 
involve a parameter Z defined as 

az^2 dcose (39) 
Jq dcosO 

where 9 is the relative angle between one of the two incoming photons and the outgoing mesons. 

A. Pions 

In Fig. H we show the total cross section for fusion to charged pions up to Z = 0.6. The data are from (0^1). 
The overall agreement with the data is good. Our analysis appears to favor the SLAC-PEP-MARK-II as well as 
the KEK-TE-001 data. The peak at /2(1270) is clearly visible, while the /o(980) is weaker. The Born contribution 
overwhelms the /o(500) contribution in this channel, and is hardly visible in our results as well as the data. In the 
insert, we show an enlargement of the threshold region and comparison with our Born contribution, the one- loop 
analysis, and the resonance saturation approach. Overall, our approximations are consistent. 



7 



400.0 



300.0 - 



CO 

o 
II 

N 



i- 200.0 



100.0 



200.0 



SLAC-PEP-TPC (86) 
SLAC-PEP-MARK-II (90) 
DESY-PETRA-CELLO (92) 
KEK-TE-001 (94) ^ 




600.0 



1000.0 
E (MeV) 



1400.0 



1800.0 



400.0 



300.0 



# SLAC-PEP-TPC (86) 
4 SLAC-PEP-MARK-II (90) 



Resonance 
Loop 




200.0 



300.0 



400.0 
E (MeV) 



500.0 



600.0 



FIG. 2. Total cross section for 77 ^ tv^-k (Z = 0.6). Thick (thin) hne correspond to resonance (loop) contribution. 
Dashed line in the lower panel corresponds to the Born term. The data are collected from Refs. 

In Fig. ||we present our results for the fusion reaction into chargeless pions with Z = 0.8. The data are from [^,1). 
Again the /2(1270) is clearly visible, while the /o(980) is barely. The broad effects from the /o(500) are also visible 
in comparison to the data. The resonance saturation result is in overall agreement with the both sets of data. In 
the insert, we show an enlargement of the threshold region and comparison to our one- loop result as well as one-loop 
and two-loop ChPT. Clearly our one-loop and the one-loop ChPT are in good agreement although our construction 
is minimal (fewer counterterms). Most of the parameters (six) in the two-loop results from ChPT are fit using ideas 
similar to the resonance saturation approach we have adopted. 
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FIG. 3. Total cross section for 77 —* tt V (Z = 0.8). Thick (thin) hne correspond to resonance (loop) contribution. The 
dashed lines in the lower panel are the 1- and 2-loop ChPT results [IL5|. The data are taken from Refs. pM. 



B. Kaons 

In Fig. ^ we present our results for the fusion reaction into charged kaons. For Z = 0.6 our analysis shows a 
treshold enhancement at about 980 MeV, followed by another enhancement at a2(1320). The enhancement shown in 
the SLAC-PEP-TCP data is consistent with the 02(1320), although the error bars are large. Our results for the cross 
section are higher than the data in the energy range -^/s = 1.6 — 2.4 GeV. For Z = 1.0 we compare the resonance 
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saturation results with the Born amplitude and the one-loop approximation. Again we see the same features as those 
encountered at Z = 0.6. The DESY-DORIS- ARGUS data agree with our analysis around the 02(1320), but are not in 
agreement at threshold and above y/s — 1.6 GeV. The threshold enhancement due to the Born terms in our analysis 
is only partly decreased by the repulsive character of the scalar-isotriplet ao(980). A similar behaviour was also noted 
by Oiler and Oset ||l^ using a coupled channel analysis. 

In Fig. 1^ we show our results for chargeless kaons. Our results favor the data from DESY-PETRA-CELLO Q as 
opposed to the early data from DESY-PETRA-TASSO although the data have large error bars. The effects from 
the ao(980) is weaker than the one from the a2(1320). In this case the Born contribution vanishes. 
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FIG. 4. Total cross section for 77 — > K'^K with Z=0.6 and Z—1.0. Thick (thin) line corresponds to resonance (loop) 
contribution. The Born terms are plotted as dashed line. The data are taken from Refs. 
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FIG. 5. Total cross section for 77 K'^ (Z=1.0). The data are taken from Refs. 



C. Etas 



In Fig. H we show our results for the fusion into 7r°ry for Z = 0.9. The peaks are the scalar-isotriplets ao(980) 
and 02(1320). There is fair agreement with the DESY-DORIS-CRYSTAL-BALL data. The strength between the 
two- resonances follow simply from the relative sign in ( ^2|) reflecting on the attraction-repulsion in these two channels. 
In Fig. 1^ we show our predictions for the fusion reaction to two eta's. The cross section is tiny in comparison to 
the other fusion reactions (about four orders of magnitude down). The reason is the near cancellation between the 
/2(1270) contribution in VVcr and Wjyijyi (cq and gi have opposite signs). Since the resonance is smeared differently 
in the two contributions, the exact cancellation takes place in the range 1.25 — 1.5 GeV. 
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FIG. 6. Total cross section for 77 — > tt"?; (Z=Q.9). The data are taken from Refs. 
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FIG. 7. Total cross section for 77 ^ rjrj. 
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VIII. CONCLUSIONS 



We have analyzed the two-photon fusion reaction to two mesons using the master formulae approach to QCD with 
three flavors. The formulae for the fusion reaction amplitude encodes all the information about chiral symmetry 
and its breaking in QCD. We have analyzed this result in power counting and shown that it is overall in agreement 
with results from three-flavor ChPT in the threshold region. We have derived specific results for the real part of the 
polarizabilities of all the octet mesons. 

To analyze the reactions beyond threshold, we have implemented a simple dispersion analysis on the pertinent 
three- and four-point functions in the form of tree-level resonance saturation. The analysis enforces broken chiral 
symmetry, unitarity and crossing symmetry in a staightforward way. The pertinent resonance parameters (masses 
and widths) are fixed at their PDG values. Their couplings result into 5 parameters which we use to globally fit all 
available data through — 2 GeV and predict a very small cross section for 77 r/rj. 

The master formulae to the fusion reaction processes implies from first principles scalar-isoscalar and scalar-isotriplet 
correlations in the s-channel, and axial- vector correlations in t-channels. The latters enforce the correct polarizabilities, 
while the formers account for most of the resonances seen in the experiments. In particular, the scalar-isoscalar 
/o(500), /o(980) and /2(1270) are predominant in the fusion reactions involving pious, while the scalar-isotriplet 
ao(980) and 02(1320) are important in the fusion reactions involving kaons, and also etas and pious. The ao(980) is 
found to decrease considerably the threshold enhancements caused by the Born term in the fusion to charged kaons, 
in agreement with present experiments. The present results are important in the assessment of the electromagnetic 
emission rates from a hadronic gas in relativistic heavy-ion collisions ||20| . 
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IX. APPENDIX A : DETAILS OF THE BORN CONTRIBUTIONS 



In this Appendix we detail the Born contributions to the T-matrix for the fusion process as given by (y4-|l5|). If we 
recall that the meson indices are (a, b) and the photon indices (c, d), then the contact contributions in (|l4) are 
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while the pole terms are 

Ti2 = i{2k2 - qiTiiki ~ q2Y{Er{E-^f j/"-/* 
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with q ■ e — Q. Only the charged contributions appear in the Born approximation, since photons do not couple to 
chargeless particles at tree level. We note that the contact term in ([l5|) contributes 
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In the SU(2) case we have 2K/3 {f'^rn'^)/rh, and this extra contribution vanishes. In the SU(3) case this extra 
term is of order 1/_E^ in power counting. It renormalizes to zero when combined with the counterterms in (VVa) 
and (VVjAjA), leaving the octet charges integer- valued. 

APPENDIX B : DETAILS OF THE ONE LOOP CONTRIBUTIONS 

In this Appendix we give some details regarding the one-loop analysis carried in section IV, following the discussion 
in ||l^. In particular, we will assess the one-loop contribution to the three- and four-point correlators (VVcr) and 
(VVj^j^). 



B-i. VVa 



The one-loop contribution to VVct ' ' is generically of the form 
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with (c,d) = (3,8), / = / d'*q/(27r)'*, and K is the SU(3) version of (3.39) in Ref. 0. Specifically, 



j^ac ^ 2t;J^'=af + a^^ac ^ yt^ab^bc _ g/^<^b ^bc „ ^yO i'^ \ + d"'"^ {E-^f\ (B.2) 
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Here the "ct^" contribution vanishes because the and K'^'^ contribution cancel within the loop. 
The one-loop integrals are 

1 1 



^ . /■ 1 (2fc + g)^ (2fc + p). _ . _ m 4^ 

^^.KI.P) l^P_^2^iO ■ (fc + g)2-m2 + zO ' (fc + p)^ - + zO W - P - ujy . ^ri.4j 

Each integral is made finite by one subtraction at g = (first) and q — p — Q (second). This results in one counterm 
which renormalizes the charge to its integer value. In the LHZ scheme followed here charge conservation is not 
protected by logarithmic divergences. 

The final expressions in ( p^ ) are quoted in terms of 

r = £1 • £2^^(91 + q^) + £^2"j;^(gi, -92) . (B.5) 
Also the contributions from the three-point function in ( p^ ) read 
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B-ii. VVJAJA 

The one-loop contribution to the four-point function VVj^ij^i maybe obtained similarly. In particular, 
{WWUU) ^ (0|T*V^(x)V^(y)j^^(zi)j^^(z2)|0)co„. 

^ _^^pahjhbj ^ pbhjhaj^ . ^^pcl^ld^ ^ pdl flc^^g4 (^^^ _ ^^^^^^ 



Since we need the integrated version, then 
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where I' 92) = 2^*('Zi, ^92)) is defined as 

r (91,92) = .9M.l"(gi - -72) +1^(91,92) 

The respective contributions to ( p^ from (VVj^j^) are 

-i2h-k2f-\2i^ + 
«2fci-fc2/^'(ii"+i^) 



(vrO,^") 
(7r+,7r") 
(K+,K-) 

(ifO,i?0) 



-i2fci-fc2/^"(il" + iX 
-z2fci • fc2/-2(|X^) 

-z2fci . fc2/- lArH^^"^) 



with ki ■ k2 



mi)/2. 



(B., 



(B.9) 



(B.IO) 



APPENDIX C : E MODEL 

In this Appendix we provide a simple implementation of the resonance saturation analysis at tree level in the 
context of the linear sigma-model. This complements our general analysis in section V. 



C-i. Lagrangian 

Consider the linear sigma-model with general (quadratic) couplings to vector and axial-vectors with global chiral 
symmetry 

£e = ^Tr [D^EDf'E^ 



where 



S = ((7° - C)l + cr'^A'^ + m^X" 



where — C is the vacuum expectation value of cr*^, and the vector field is given as 

Al^ - (v^ ± a^) • A . 

The ut;(T- vertex comes only from £i„t, 
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The aac7- vertex comes from both Ly, and Cinf, 

Caa. = 4(6i + 62 - 63 - 64 - l)5'Ca«a'''°ao + 4(62 - 63 - hi)g''C(F''^ala^'^a^ . (C.5) 

One can recombine the coupHngs so that 

= 4(61 + 62)Cw>^'"ao + 4fe2Cd»^''t;>'''V' 

Caaa = 4(6i + 63 - l)Ca>^'"ao + 463C(i"''''a>'''V'* (C.6) 



with the dimensionless coupHngs, b\ = big^, 62 = —(62 + 63 + 64)5^ and 63 = (62 — ^'a — bn)g^. The vector meson 
vertices vvv and uaa stem only from the kinetic part of the vector meson Lagrangian 
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Here the three point vector vertex is fixed by the gauge couphng g and the structure constants. The vector meson 
propagator is 
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nr = -2 — 2 {g^^-^h (c-8) 
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and similarly for the axial vector particles. 

C-ii. Various Contributions 

The tree contribution to VVao is 
where (0|gg|(7) = Aq. Since the photon is on mass-shell only the combination ei ■ £2 appear after contractions, 

,A^nS,^7n^,7^e^ = ei • £2 2^2 2^2 ' (C-10) 
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The tree contribution to Wa'^ is 
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where {0\qX^q\a^) = A^. 

The (To contribution to VVjAjA is 
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The CT^i contribution to WjaJa is 
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In Fig. |^(b), the contribution from the intermediate V vanishes because of the SU(3) structure constant The 
contribution from Fig. 0-(c) results in 
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One can generally redefine the couplings, 
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giving in total six independent parameters. 



C-iii. Final Result 

CTo and Cft, contributions to VVc : 
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Axial-vector contributions to VVj^^jyi : 
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In the text, these couphngs are redefined in terms of dimensionless couphngs. 
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